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Abstract—The combination of observed data and dynamical
models of mean-ﬁeld type over networked systems is a challenging problem because of non-linearity, high dimensionality
and partial observations. In many networked systems, the
effective extraction and utilization of the information contained
in observed data should be accomplished by exploiting the
availability of accurate predictive, proactive tools of mean-ﬁeld
type dynamical systems. Incorporating observed big data into
dynamical models of mean-ﬁeld type has two problems. One
is the curse of dimensionality, and the other is the control of
error accumulation. This paper presents a distributed meanﬁeld ﬁlter (DMF) framework for large scale networked systems.
The proposed ﬁlter exploits the topology of the network and
decomposes it into highly independent components with respect
to the marginal mean-ﬁeld correlations. The upper bound of
global ﬁltering error can be estimated using mean-ﬁeld-type
game theory. Numerical experiments in two object tracking
scenarios are carried out to illustrate the performance of
our algorithm. Evaluation results show that DMF signiﬁcantly
outperforms the existing ﬁltering algorithms.

I. I NTRODUCTION
With the growing popularity of people-centric internet of
everything, autonomous vehicles, connected devices such
as smart phones and smart sensors, have invaded several
aspects of our daily life and changed the way we interact,
sense, gather and process information about the surrounding
world and environment. There is an explosive growth in the
amount of data generated by these connected devices. The
volume, dimension and variety of data are increasing at an
unprecedented evolution. Unfortunately, what we need is not
necessarily data, but useful information. Then, the question
is how to obtain useful information from big data. Large
and high dimensional data imposes formidable challenges
on the design, operation, analysis and learning of large-scale
networks, such as large bandwidth, large storage space, and
high energy consumption, etc. Therefore, new learning, ﬁltering and data processing are required to meet the demands
for the collections, processing, estimation and forecasting of
the huge amount of data in large-scale networks.
Incorporating observed big data into dynamical models of
mean-ﬁeld type is called mean-ﬁeld-type big data assimilation [1]. A vital problem in big data assimilation is the curse
of dimensionality. Suppose we want to analysis the trafﬁc
data in London: since there are over 25000 streets within the
6 mile radius, and if each has 10 cameras of VGA resolution,
978-1-5090-4297-5/16 $31.00 © 2016 IEEE
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there will be 300KB∗10∗25000∗60 = 4.2 TB data generated
in a minute. The second problem is how to control error
propagation across the entire high dimensional networked
system. Large and high dimensional amount of data imposes
formidable challenges on the learning, modeling, implementation and evaluation of large-scale networks. On the
other hand, we can gain great beneﬁts if integrate the data
properly, e.g. let the sensors be experts localized in different
parts of the state space to reduce global error and variance
through communication, compensation and competition.
A dynamical system is said of mean-ﬁeld type if it
involves the probability measure of the state variable in
the transition kernel to the next state. The combination of
observed data and dynamical models of mean-ﬁeld type
become a challenging problem since the system is huge and
the observations are partial and noisy. Gao and Tembine [2]
observe that the approximation of most of particle-based ﬁlters such as mean-ﬁeld ensemble Kalman ﬁlter, approximate
particle ﬁlter, particle swarm optimization based ﬁlter are
not satisfactory for signal-observation dynamics of meanﬁeld type. The main problems are the effective integration of
high dimensional data and the control of error accumulation.
The main contributions of this paper are the following:
1) we propose a distributed mean-ﬁeld-type ﬁlter (DMF)
for trafﬁc networks. It exploits the topology of the network
and decomposes it with respect to the marginal correlations;
2) we provide a generic methodology to estimate the
ﬁltering distribution in four steps: sampling, prediction,
decomposition and correction. This methodology can be
applied to other high-dimensional networked systems with
mean-ﬁeld-type dynamic models and noisy observations;
3) we prove the ﬁltering error can be bounded by a linear
term with respect to the number of decomposed zones;
4) we implement our algorithm on two object tracking
scenarios and evaluate the performance. The experimental
results demonstrated the advantage of our algorithm in
comparison with the existing ﬁlters.
The remainder of this paper is organized as follows:
Section II reviews the existing ﬁltering algorithms. Section
III introduces the system model and proposes our distributed
mean-ﬁeld-type ﬁlter. Section IV describes the implementation on two tracking applications and shows the experimental
results. Section V provides the conclusion and future work.
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II. R ELATED W ORK

(st )t describing a high-dimensional dynamics of mean-ﬁeld
type with transition probability

Filtering problem is to ﬁnd real system state based on
observation history stored in possibly noisy and partialobserved data. The goal is to infer the system state distribution and ﬁnd its ”best estimate”. In system model, the state
evolves based on its initial value and the transition kernel,
and the observation is represented by a likelihood function.
Kalman ﬁlter (KF) [3] uses a linear time-invariant dynamic model to estimate the optimal state. When all the
noise are Gaussian-distributed, it yields the exact conditional
probability. Detection outputs are used as measurements to
correct the ﬁlter state. Dynamic models based on motion law
are used to predict the future positions in the next frame. PF,
EKF, UKF and EnKF are generalizations of Kalman ﬁlter
to deal with nonlinear models with non Gaussian noise.
The ensemble Kalman ﬁlter (EnKF) [4], [5] is a recursive ﬁlter suitable for problems with a large number of
variables, e.g., in a huge system. EnKF is a Monte Carlo
implementation of the Bayesian update problem. It assumes
all probability distributions to be Gaussian, and then uses
an ensemble to estimate the mean and covariance. This
approach is efﬁcient but inaccurate with non-Gaussian cases.
Particle ﬁlters (PF) [6] is a powerful non-linear ﬁlter for
tracking applications. It samples a large set of particles
in the state space from a proposal pdf to approximate
the posterior. Multiple hypotheses are allowed to propagate
through frames, and observations from detectors are used to
update the proposal by adaptively changing the weights. The
resampling step can model the pdf with arbitrary type, not restricted to Gaussian distributions. The tracking performance
can be improved by increasing the number of particles, but it
will lead to high computation cost, especially in large-scale
systems. In the next section, we will propose a distributed
mean-ﬁeld-type ﬁlter (DMF) to reduce the computational
complexity as well as control the error propagation.
Particle swarm optimization (PSO) [7] is a method that
optimizes a problem by iteratively trying to improve candidate solution based on given measure of quality. The particles are moving towards the local and global best in searchspace. PSO does not use gradient, so the objective function
can be nondifferentiable. However, global optimum is not
guaranteed, which often depends on good initialization.
In recent years, mean-ﬁeld type ﬁlters (MF) have been
proposed to deal with more complicated situations. Other
than the well-deﬁned models (Linear, Gaussian), in many
real applications, the effective extraction and utilization of
the information contained in observed data should be accomplished by exploiting the availability of accurate predictive,
proactive tools of mean-ﬁeld type dynamical system models.

P(st+1 ∈ X|st , Lst , st+k ), k ≥ 2
while process (yt )t denotes the observation with conditional
probability law P(yt ∈ Y |st , Lst ). Here Lst is the probability law of state st . The initial state (s0 , s−1 , . . . , s−(k−1) )
is drawn from a given distribution.
Our goal is to estimate the state st based on observation
history y1 , . . . , yt . We introduce the nonlinear mean-ﬁeld
ﬁlter mt (X) = P(st ∈ X|y1 , . . . , yt ) to solve this problem.
Once the conditional ﬁltering distribution mt is computed,
we get a complete representation of the uncertainty. Moreover, the ﬁlter has the Mckean-Vlasov kernel, that is: the
current state mt only depends on the last state mt−1 and the
current observation yt . This is crucial when dealing with big
data, as it allows the mean-ﬁeld-type ﬁlter to be implemented
online over several steps. When new observations come, it
can be updated recursively. However, the implementation
of mt is not a trivial task, especially when the system is
non-linear and the noise is non-Gaussian. It often requires
some approximation m̂N
t , numerical approximation or an
introduction of a random or importance sampling step with
N particles in the recursive mean-ﬁeld ﬁltering evolutions
as a substitution for the real posterior ﬁltering distribution.
For a given sampling technique, one can evaluate the error
of the approximated mean-ﬁeld ﬁlter m̂N
t .
Solving the exact ﬁlter equation is in general an enormous
task as it usually involves integrations over the whole state
space through the previous measure. To obtain a computationally feasible solution, some kind of approximation is
needed. Designing a ﬁlter approximation
m̂N
t such that the
√
supremum of its global error N N remains bounded in
time t is indeed a challenging task in high dimensional state
space. Our goal is to design such a ﬁltering scheme in a
distributed manner across the large-scale state space.
A. Distributed Mean-Field-Type Filter
In huge and complex high-dimensional systems, simple
ﬁlters like extended Kalman is often inaccurate and the
error may accumulate rapidly and propagate across the
entire network. Fortunately, such nonlinearity and instability
are only signiﬁcant on low-dimensional manifolds in the
high-dimensional systems [8]. Therefore, it is feasible to
decompose the entire network so that approximation of
the true ﬁltering distribution can be used on the simpliﬁed
subspaces. The idea of our distributed mean-ﬁeld ﬁlter is
to decompose the state space as sparse as possible over a
network of nodes. The projection of the mean-ﬁeld ﬁlter
is done almost independently on the components of the
network. As the network distance increases, the correlation
between the nodes error decays rapidly which slows down
the error propagation across the entire large-scale network
[9].

III. SYSTEM MODEL
A dynamical system that involves the probability measure
of the state variable in the transition kernel to the next state
is called a mean ﬁeld-type system. We consider a process
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The ﬁltering distribution mt solves the following relations:

B. Sparse Decomposition of the State Space
The state space of the entire network is deﬁned as a huge
graph G = (V, E). The connections between the vertices
are designed in a sparse manner E  V2 . For each
signal-observation (st , yt ), there is a projection on the nodes
(svt , yvt )v∈V . When the cardinality of V and E are very
large, the system is considered as a high-dimension network,
for example, the trafﬁc network of the entire city. The set
of nodes V can be decomposed into o components:
V := V1 ⊕ V2 ⊕ . . . ⊕ Vo

φt , mt =


1
m0 (dz0 )
[lt (zt ; ·)Kt (zt ; dzt +1 )] φ(zt )
m̄t

t <t

where m̄t = 1, mt :=



m0 (dz0 )
lt (zt , Lzt S ; ·)Kt (zt ; dzt +1 )
t <t

and

(1)


where Vj ∩ Vj  = ∅, j = j  . The signal spaceis v∈V Sv ,
and the observation space is decomposed as v∈V Yv . Let
N (v) be the neighborhood set of node v, that is, N (v)
contains all the vertices adjacent to v in G, then the transition
at node v is sparse in the sense that only the neighborhood
signal (swt )w∈N (v) and its distribution matter.

Thus

(5)
The ﬁrst term is similar to the correction operator Ct+1 ,
which is the optimal importance sampling distribution. However, before importance sampling is applied, an intermediary
step is used as the decomposition of the domain V, which
makes the mean-ﬁeld ﬁlter a distributed one. The second
term is also divided into two intermediary steps: prediction
P and sampling S N in each zone Vj for j ∈ {1, 2, . . . , o}.

C. Recursion of the Probability Law
Let zt = (st , st+1 , . . . , st+k ). The evolution of the probability law of zt is

Lt+1 (Z) =
P(zt+1 ∈ Z | z, Lzt )Lzt (dz) (2)

D. Distributed Mean-Field Filter Algorithm

z∈Z

The transition probability P(zv,t+1 ∈ Zv |zt , Lzt ) at node
v is the key term and determined by the neighborhood
state (zwt )w∈N (v) and its distribution Lzwt . The observation
at node v evolves according to the marginal conditional
probability P(yvt ∈ Yv |zvt , Lzvt ) = lvt (zvt , Lzvt ; yvt ). The
algorithm is as follows:
Initialization: m̂N
0 = m0 . Here N is the number of particles
and m0 is the initial state distribution.
For time step t from 1 to T :
S N : Sample i.i.d ẑti from the state distribution m̂N
t . This is
done by sampling independently from a product distribution
N
N
(m̂N
is therefore:
t,|V1 , . . . , m̂t,|Vo ). The operator S

where Pozt−1 = Lzt . Then the state distribution from time
stamp 0 to t can be generated recursively given the initial
state distribution and the transition probability.

P((zt )0≤t ≤t ∈
Z t )
t ≤t

= P(z0 ∈ Z0 )

t−1


P(z

t +1

(3)
∈Z

t +1

|z , Lzt )
t

t =0

In the trafﬁc system, the vehicle trajectory depends on its
initial state (e.g position, velocity) and the motion model.
The probability of signal-observation is
P((zt+1 , yt+1 ) ∈ Z × Y |zt , Lzt , yt )

=
Kt (zt , Lzt ; zt+1 )∗
(zt+1 ,yt+1 )∈Z×Y

mt , [lt Kt ]φt+1
φt+1 , mt+1 =
mt , lt

lt (zt , Lzt ; ·)Lzt (dzt )
, Kt
mt+1 = 
lt (zt , Lzt ; ·)Lzt (dzt )

SN m =

(4)

1
N

i

δẑti

(6)

P : Predict the next state at node v for the ith particle:

lt (zt+1 , Lzt+1 ; yt+1 )νyt+1 (dyt+1 )μzt+1 (dzt+1 )
where Kt is the mean-ﬁeld signal transition kernel at time
step t, lt is the likelihood transition from signal to the
observation, νyt+1 is distribution of the observation noise,
μzt+1 is distribution of the signal noise. Given the initial
distribution, the states are generated recursively based on
the probability law, which is displayed in Figure 1.

i
zv,t+1
∼ Kvt (ẑti ; ·)Lzvt

(7)

D: Decompose the state space into non-overlapping zones
V := V1 ⊕V2 ⊕. . .⊕Vo , and projects the probability measure
mt,|V on the class of measures mt,|Vj , (j = 1, . . . , o), where
of mt restricted to the zone Vj , i.e., to
mt,|Vj is the marginal

the sub-space s∈Vj Zs , here s represents the measurements
or sensors in zone Vj . For example, camera (s1 ), radar (s2 )
and inductive loop (s3 ) form a detection system with three
sensors in the zone Vj . Thus, the decomposition operator
yields:

Figure 1: Recursive state generation

Dmt = (mt,|V1 , . . . , mt,|Vo )
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(8)

Ct+1 : Correct particle weights by the sensor observations:

i
i
; ys,t+1 )
s∈Vj lt+1 (zs,t+1 , Lzs,t+1
i

wt+1|Vj =

i

; ys,t+1 )
i
s∈Vj lt+1 (zs,t+1 , Lz i

The supremum is taken over test functions
φ, and N is
√
independent of the time step t: N N < +∞. If the
likelihood function l is bounded above and below, then the
distributed mean-ﬁeld-type ﬁlter with exact decomposition
generates a global error at most

s,t+1

The estimated ﬁltering distribution at time t + 1 is set as the
weighted sum of the particle states in each zone Vj :
m̂N
t+1,|Vj =

N
i=1

i
wt+1|V
∗ δzVi
j

3o
N
sup W2 (Ôt+1
m̂N
t , Ot+1 mt ) ≤ 0 + √ ,
N
t≤T −1

(9)

j ,t+1

where 0 is the initial error and o is the number of zones.
Proof: In Appendix

i
where zVi j ,t+1 := (zs,t+1
)s∈Vj .
The algorithm is distributed in that only observations
from the current zone Vj are used to update the ﬁltering
distribution m̂N
t+1,|Vj . As shown in Figure 2, the distributed
mean-ﬁeld ﬁlter (DMF) is therefore given by:
N N
N
N
m̂N
t+1 = Ct+1 DP S m̂t =: Ôt+1 m̂t .

IV. E XPERIMENTAL R ESULTS
This section introduces the implementation of our distributed mean-ﬁeld ﬁlter in two object tracking scenarios.
The ﬁrst one is a simulation on aircraft tracking, and the
second one is a real vehicle tracking application.

(10)

Note that the real ﬁlter mt is the mean-ﬁeld limit ﬁlter, and

A. Aircrafts Tracking
This section shows how to use the distributed mean-ﬁeld
ﬁlter in an application that involves estimating the aircraft
positions through a model for RAdio Detection And Ranging
(RADAR) measurements (Figure 3). The position dynamics
follows a trajectory that is forward-looking because of the
planned arrival time of the aircraft by the airline operator.
Two states related to the aircraft position-velocity are used
to describe the system: xi -coordinate, vi -the rate of change
of xi . The dynamic system of aircraft i is modeled as:

Figure 2: Operators of the distributed mean-ﬁeld ﬁlter
its operator O is given by:
mt = Ot Ot−1 . . . O1 m0

(11)

The posterior distribution in state space Z  is normalized by:
(Ot m)(Z  ) =

1   Kt (z, Lt ; z  )lt (z  , Lt ; yt )Lzt (dz  )m(dz)
(z,z  ) z ∈Z

K (z, Lt ; z  )lt (z  , Lt ; yt )Lzt (dz  )m(dz)
(z,z  ) t






(16)

xi,t+1 = (1 − μ − ν)xi,t + vi,t+1 + ni,t
+ μE[xi,t ] + νxi,t+2

(17)

vi,t+1 = vi,t + wi,t
where μ and ν are real numbers between 0 and 1. ni,t is
the signal noise and wi,t is the measurement noise.

(12)

where Z is a subset of Z, and (z, z ) ∈ Z × Z .
E. Analysis
Proposition 1. Denote by mo = (m, . . . , m) is o copies of
the measure m. The sampling error satisﬁes
o
(13)
W22 ((S N m)o , mo ) ≤ 6(1 − (1 − )o )
N
Proof: In Appendix
Proposition 2. The decomposition error satisﬁes
W22 (DS N m, Dm) ≤ W22 ((S N m)o , mo ).

(14)

In particular, the term W22 (DS N m, Dm) is bounded by a
function of the number of zones o. This bound is independent
of the cardinality of V when the decomposition is non-trivial.

Figure 3: Aircraft tracking

Proof: In Appendix
The mean-ﬁeld term μE[xi1,t ] for μ = 0 in the x-dynamics
can be computed explicitly from the mean state dynamics:

Theorem 1. The global error of the approximate mean-ﬁeld
ﬁlter is bounded by
N
sup Eφ(Ôt+1
m̂N
t ) − φ(Ot+1 mt ) ≤ N

φ≤1

E[xi,t+1 ] = (1 − ν)E[xi,t ] + vi,t+1 + νE[xi,t+2 ]

(15)

E[xi,0 ] = E[xi,−1 ] = m0
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(18)

B. Vehicle Tracking in a Large Highway Network

Figure 4 shows error of estimation over the duration of
the ﬂight. We can see that EKF fails in this case, and
EnKF fails in the left mountain area. PF and PSO converges
much slower than DMF. Moreover, we evaluated the ﬁltering
performance on tracking two aircrafts going at opposite
directions. Figure 5 shows the error over the duration of the
two ﬂights. The simulation results demonstrateds that the
distributed mean-ﬁeld-type ﬁlter (DMF) outperforms other
ﬁlters. It converges quickly and has very low global error.
Numerical results are summarized in Table I.
Filter
EKF
EnKF (n=1000)
PF (n=1000)
PSO (n=20)
DMF (n=1000)

Mean Square Error
17.85
15.44
9.99
4.64
2.01

In a trafﬁc system, measurements can be obtained from
multiple sources, such as video cameras, mobile phones
and satellite images. An intelligent trafﬁc monitoring system
should integrate those data and extract useful information.
For such a huge system, thousands of gigabytes of data
can be generated in a minute, so the analysis or even
transmission of those data is quite challenging. Therefore,
we need to decompose the network into relatively small and
independent parts. Figure 6 shows the decomposition of the
entire network. Suppose the whole space is V, which is
decomposed into o zones V1 , . . . , Vo , and in each zone there
are k measurements s1 , . . . , sk . The observation of sensor s
is denoted as ys,t+1 . The state z could be position, velocity
and trajectory of a single car, or the trafﬁc density within
some local area, which depends on the speciﬁc applications.
Thus we can use the distributed mean-ﬁeld ﬁlter m̂N
t+1
obtained by Equation (10) to estimate the system states.

Computation Time (s)
0.012
0.072
0.100
3.375
0.101

Table I: Global Error Analysis

Figure 6: Decomposition of the entire network
Figure 7 shows the satellite map of the trafﬁc network,
which covers an area of about 75,000 square kilometres
in Maryland. There are more than 400 video cameras,
300 speed sensors and 50 local weather stations. The data
stream generated in a minute is about 11 gigabytes. To test
our algorithm, we collected a proportion of the nighttime
video to analyze the trafﬁc near a tunnel area. The video
was recorded at 20 frames per second and each frame has
dimension 470*360*3.

Figure 4: One aircraft: Error of the extended kalman ﬁlter
(EKF), ensemble Kalman ﬁlter (EnKF), particle ﬁlter (PF),
particle swarm optimization (PSO) and distributed meanﬁeld ﬁlter (DMF).

Figure 5: Two aircrafts: Error of the ensemble Kalman ﬁlter
(EnKF), particle ﬁlter (PF), particle swarm optimization
(PSO) and distributed mean-ﬁeld ﬁlter (DMF).
Figure 7: Satellite map of the trafﬁc network
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The probability law Lst (the velocity and acceleration
distribution at a given location) is estimated by the statistic
collected under similar time and weather conditions. Beneﬁt
from the decomposition, we don’t need to explore the entire
space in the tracking problem, but only focus on a subspace
(the tunnel area) where the target may appear. There are
three cameras deployed in this area, and we decompose the
space into four zones: the main lanes in the view of camera
206, 207, and the tunnel exit/entrance lanes monitored by
camera 208, as displayed in Figure 8.

If the conﬁdence is above a threshold for more than 10 time
steps, then the target is considered as detected. The particle
number is set as N = 100. They are only deployed in those
activated nodes, thus the vehicles in irrelevant zones will not
be detected, which can reduce the false alarms.
When the vehicle is detected in zone Vj , the neighboring
zones N (Vj ) (Figure 9) will be triggered and start for
capturing the target. At a speciﬁc time, only a small part of
the network is activated, and we only need to transfer and
process the data obtained from the sensors deployed in these
activated zones. In the collaboration mode, the current node
Vj will pass useful information to its neighboring nodes,
for example, the vehicle state such as its position, velocity,
weight, size and appearance. Then, the nodes in N (Vj )
can integrate those prior information into their detection
and tracking algorithms. However, collaboration should be
restricted to a local area, since the components are highly
independent when their distance is far in the network. In
addition to the communication cost, too much collaboration
will confuse the partners and increase the burden for the
discrimination of false alarms and mismatches. For example,
it is meaningless to tell a node on the other side of the city
about the target’s current motion state.

Figure 8: The tunnel area
In the tracking problem, DMF is conducted in a PF framework: it consecutively estimates the latent state variables
z1 , . . . , zt in a trafﬁc network based on the observation
sequence y1 , . . . , yt generated by the sensors therein. In
each zone, the decomposed real posterior distribution P(zt ∈
Z  |y1 , . . . , yt ) is estimated by N particles ẑti , (i = 1, . . . , N )
with corresponding weights wit . Assuming the Markov property, the transition kernel is simpliﬁed to Kt (zt , Lzt ; zt+1 ).
The weights are updated based on the signal-observation
likelihood lt (zt+1 , Lzt+1 ; yt+1 ). Resampling is conducted
when the total weights after update is less than some threshold, which means most particles are deployed out of the
correct region. The particle state zit is deﬁned as the vehicle’s
position and velocity at time t, and the transition kernel
follows Newton’s Law, assuming a certain acceleration:
xt+1 = xt + αvt + (1 − α)E[vt ] + μxt
vt+1 = vt + βa + (1 − β)E[a] + μvt

Figure 9: Neighbouring zones
The experiment results are displayed in Figure 10 and
Figure 11. Beneﬁt from the collaboration, target can be
captured even in very bad lighting conditions (camera 208).
V. C ONCLUSION AND F UTURE W ORK
In this paper, we designed a new distributed mean-ﬁeldtype ﬁlter framework for large-scale networked systems. The
ﬁlter is composed of four operations: sampling, prediction,
decomposition and correction. By decomposition of the
entire state space, the distributed ﬁlters perform locally and
independently, each focus on its simpliﬁed subspace. We

(19)

According to the mean-ﬁeld theory, the effect of all the
other individuals on any given individual can be approximated by a single averaged effect [10]. The mean-ﬁeld terms
E[vt ] and E[a] are obtained by taking the expected values
of vt and a. For a speciﬁc area, we recorded an hour-long
video and use the data to ﬁt a Gaussian model to estimate
the mean-ﬁeld dynamic.
The measurements obtained by the video cameras are
denoted as yt . Considering the poor video quality, we use
Gaussian Mixture Model to extract the foreground, and then
use blob detector to generate possible hypotheses. The conﬁdence of a hypothesis is measured by the blob similarity.

Figure 10: Tracking on map
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The ﬁrst term is bounded by 2(1−(1− No )o ), and the second
term (the variance of the sampling operator) is bounded by
4(1 − (1 − No )o ).
We now prove the ﬁrst bound 2(1 − (1 − No )o ). The ﬁrst
term indicates the bias generated by the sampling procedure.
Let φ be a test function that is bounded by 1. For k1 , . . . , ko
that are all different, one has:


E φ(zk1 , . . . , zko )

= φ(zk1 , . . . , zko )m(dzk1 ) . . . m(dzko ) = Emo [φ].
Eφ(ẑ) − Eφ(z)
1
≤ o
Eφ(ẑk1 , . . . , ẑko ) − Emo φ
N

Figure 11: Particles and bounding boxes

k1 ,...,ko

have proved that the global ﬁltering error is bounded by √3oN .
This linear bound means the error is independent of the cardinality of the entire network, but only has relationship with
the number of zones. Thus, the error propagation in largescale networks can be controlled. The algorithm can perform
successful vehicle tracking in highly challenging lighting
conditions and achieve real-time performance. Experiment
results on both synthetic and real data demonstrate the accuracy and efﬁciency of our approach. Performance evaluation
shows its advantage over traditional non-distributed ﬁlters.
In the future work, we will use more complex visionbased detectors, e.g. the deep-learned features to reduce the
measurement noise. We plan to test our algorithm on larger
scale trafﬁc networks, and conduct further applications such
as trafﬁc congestion management and accident detection.

N!
N o (N − o)!
N (N − 1) . . . (N − o + 1)
= 2 1−
No

≤ 2 1−

−o+1)
= 1 · (1 −
Since N (N −1)...(N
No
o o
(1 − N ) , it follows that:

1−

(o−1)
N )

≥

N (N − 1) . . . (N − o + 1)
o
≤ 1 − (1 − )o .
o
N
N

φ[(S N m)o ] =

Let (M, d) be a metric space for which every probability
measure on M is a Radon measure. For p ≥ 1, let Pp (M )
denote the collection of all probability measures μ on M
with ﬁnite p-th moment: for some x0 ∈ M ,

d(x, x0 )p dμ(x) < +∞.

1
No

φ(zk1 , . . . , zko )
k1 ,...ko

Consider the second order term as V , which is computed by
1
N 2o

M

k1 ,...,ko k1 ,...,ko



E D(zk1 , . . . , zko )D(zk1 , . . . , zko )

where

The Wasserstein metric is a distance function deﬁned between probability distributions on a given metric space M.
Then the p−th Wasserstein distance between two probability
measures μ and ν in Pp (M ) is deﬁned as:

1/p
Wp (μ, ν) :=
inf
d(x, y)p dγ(x, y)
,

D(zk1 , . . . , zko ) = φ(zk1 , . . . , zko ) − E [φ(zk1 , . . . , zko )]
If the intersection {k1 , . . . , ko }∩{k1 , . . . , ko } is empty, then
E D(zk1 , . . . , zko )D(zk1 , . . . , zko ) = 0. Bounding D by 2
(because φ is bounded by 1), we obtain:

M ×M

where Γ(μ, ν) denotes the collection of all measures on
M × M with marginals μ and ν on the ﬁrst and second
factors respectively. The above distance is usually denoted
as Wp (μ, ν).

V ≤

d22 (E(S N m)o , (S N m)o )

1l{{k1 ,...,ko }∩{k1 ,...,ko }=∅}

k1 ,...,ko k1 ,...,ko
o
o

N (N − o)
N 2o
o
= 4(1 − (1 − )o )
N

Proof: Using the properties of Wasserstein metric W2 :
W22 (mo , (S N m)o ) ≤ d22 (mo , E(S N m)o )

4
N 2o

≤4 1−

Proof of Proposition 1

+

−

Thus the expected ﬁrst term bound follows.
We now focus on the second term, which indicates the
variance of the sampling procedure:

APPENDIX

γ∈Γ(μ,ν)

1
N ) · · · (1

(21)

where we have used the complement probability rule. This
completes the proof of Proposition 1.

(20)
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where i = 2, 4, 6, . . .
Since
o
o
o o i
( )i+1
−
( ) +
i+1 N
i N
o
o
o  o
−
= − ( )i
i+1 N
i
N
 1
o!
1 o
o i
−
= −( )
N i !(o − i − 1) ! o − i i + 1 N

Proof: Let zkc ∈ (Zv )v∈Vj ,
W22 (DS N m, Dm)
o



= sup E  φ(zk1 , . . . , zko )
(S N m)(dzkc )
φ≤1

− φ(zk 1 , . . . , zk o )
≤ W22 ((S N m)o , mo )
o
≤ 6(1 − (1 − )o ).
N

c=1
o

c=1

2

m(dzk c )

and

1
1 o
1
o
−
> −
>0
o−i i+1N
o N

then, Q < 0.
In both cases we have:

Therefore, the decomposition error is independent of the
cardinality of V.

1 − (1 −

o2
o o
) ≤
N
N

Therefore the global error is bounded by
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